Abstract. We show that the proof of Luna's conjecture about the classification of general wonderful G-varieties can be reduced to the analysis of finitely many families of primitive cases. We work out all primitive cases arising with any classical group G.
1. Wonderful varieties and spherical systems 1.1. Basic definitions. Let G be a semisimple complex algebraic group, T a maximal torus, B a Borel subgroup containing T , S the corresponding set of simple roots of the root system of (G, T ). For all S ′ ⊂ S, P S ′ denotes the corresponding parabolic subgroup containing B (namely, S ′ is a set of simple roots of the root system of (L, T ), where L = L S ′ is the Levi subgroup of P S ′ containing T ). Similarly, P −S ′ denotes the opposite parabolic subgroup of P S ′ , with respect to the maximal torus T . Definition 1.1.1. A G-variety is called wonderful of rank r if it is smooth, complete, with r smooth prime G-divisors D 1 , . . . , D r with normal crossings, such that the G-orbit closures are exactly all the intersections ∩ i∈I D i , for any I ⊆ {1, . . . , r}.
We will always assume that the center of G acts trivially on a wonderful Gvariety. This is justified by the results of Luna in [12] , where the classification is reduced to the case where G is adjoint.
A wonderful G-variety is known to be projective and spherical, see [11] . Let X be a wonderful G-variety. There exists a unique point z ∈ X stabilized by B − (where B − is the Borel subgroup opposite to B with respect to T , i.e. B − ∩ B = T ). The orbit G.z is the (unique) closed orbit, ∩ r i=1 D i ; the parabolic subgroup opposite to G z will be denoted by P X . Set S p X such that P X = P S p X . The T -weights occurring in the normal space T z X/T z G.z of G.z at z are called spherical roots, their set is denoted by Σ X . Spherical roots are in bijective correspondence with prime G-divisors, say σ → D σ , and form a basis of the lattice of B-weights in C(X) (we are identifying B-weights with T -weights).
The not G-stable prime B-divisors of X are called colors, their set is denoted by ∆ X . The colors are representatives of a basis of PicX, so one can define a Z-bilinear pairing, called Cartan pairing, c X :
For all α ∈ S, set ∆ X (α) = {D ∈ ∆ X : P {α} .D = D}. One has ∪ α∈S ∆ X (α) = ∆ X and, for all α ∈ S, card(∆ X (α)) ≤ 2. Clearly, α ∈ S p X if and only if ∆ X (α) = ∅. Moreover, if D ∈ ∆ X (α) and card(∆ X (α)) = 1 then c X (D, −) is uniquely determined by α. One has card(∆ X (α)) = 2 if and only if α ∈ S ∩ Σ X , in this case, say ∆ X (α) = {D + , D − }, c X (D + , −) and c X (D − , −) are not always determined by α, but their sum is. Let A X denote the subset of colors D ∈ ∪ α∈S∩ΣX ∆ X (α) endowed with the Z-linear functionals c X (D, −). Definition 1.1.2. The datum of (S p X , Σ X , A X ), also denoted by S X , is called the spherical system of X.
Any G-orbit closure X ′ of X is a wonderful G-variety itself. Its set of spherical roots Σ ′ = Σ X ′ is a subset of Σ X , and X ′ is called the localization of X with respect to Σ ′ and denoted by X ′ = X Σ ′ . The spherical system of X ′ is given by S p X ′ = S p X , Σ X ′ = Σ ′ and A X ′ , which can be identified with the subset of colors D ∈ ∪ α∈S∩Σ ′ ∆ X (α); one has c X ′ (D, σ) = c X (D, σ) for all σ ∈ Σ ′ . In particular, any spherical root of X is the spherical root of a wonderful Gvariety of rank 1. The wonderful G-varieties of rank 1 are well known, for all G. The finite set of spherical roots of wonderful G-varieties of rank 1 is denoted by Σ(G).
The spherical system of X is determined by the spherical systems of all the localizations X Σ ′ of rank 2 (actually, it is enough to restrict to the localizations of rank 1 and those of rank 2 with a simple spherical root). Furthermore, the wonderful G-varieties of rank 2 are known, for all G.
Spherical systems.
A spherical system of G of rank r ≤ 2 is, by definition, the spherical system of a wonderful G-variety of rank r. Wonderful G-varieties of rank r ≤ 2 are classified by spherical systems of G of rank r. [12] ). Wonderful G-varieties are classified by spherical systems of G.
Geometric constructions
2.1. The set of all colors. Given an abstract spherical system S = (S p , Σ, A) for a given adjoint group G, it is possible to define a set ∆ ⊇ A of its colors (and a corresponding extension of c), which plays the role of ∆ X . Following [12] and its notations, we identify each element in ∆ \ A with the simple roots it is moved by. This gives a disjoint union:
The set ∆ a ′ is the set of simple roots α such that 2α is a spherical root. For such a color D, we have c(
For such a color D, we have c(D, −) = α ∨ , − , for α any representative of the ∼-equivalence class associated to D.
2.2.
Localization and morphisms. Let X be a wonderful variety and S ′ a subset of S. Consider a Levi subgroup L S ′ of the parabolic subgroup P S ′ ; the variety X contains a well defined wonderful L S ′ -subvariety X S ′ , called the localization of X in S ′ (see [12] for details). Its spherical system satisfies: S p X S ′ = S p X ∩ S ′ ; the set Σ X S ′ is the set of spherical roots of X whose support is contained in S ′ ; the set A X S ′ is the union of ∆ X (α) for all α ∈ S ′ ∩ Σ X . The localization of an abstract spherical system S in S ′ is defined analogously. Certain classes of morphisms between wonderful varieties can be represented by subsets of the colors of the domain. Let f : X → Y be a surjective G-equivariant morphism between two wonderful G-varieties, and define
′ be a subset of ∆ X ; we say that ∆ ′ is distinguished if there exists a linear combination δ of elements of ∆ ′ with positive coefficients, such that c X (δ, σ) ≥ 0 for all spherical roots σ. We define the quotient spherical system S /∆ ′ in the following way:
The bilinear pairing for S /∆ ′ is induced from c X in a natural way. We say that ∆ ′ is (*)-distinguished, if it is distinguished and the set Σ X /∆ ′ is a basis of the Z-module {σ ∈ ZΣ X | c X (σ, δ) = 0 ∀δ ∈ ∆ ′ }.
Proposition 2.2.1 ([12]
). Let X be a wonderful G-variety. The map f → ∆ f induces a bijection between the set of (*)-distinguished subsets of ∆ X and the set of equivalence classes of couples (f, Y ) where f : X → Y is a G-equivariant, surjective map with connected fibers, and where the equivalence relation is induced naturally
In principle, a distinguished but not (*)-distinguished set of colors corresponds to a G-equivariant morphism X → Y too. In this case Y satisfies the definition of a wonderful variety, except for the smoothness condition on Y and its prime Gdivisors. Such a variety is also called the canonical embedding of its open G-orbit.
On the other hand, there is no known example of a distinguished set of colors that is not (*)-distinguished, and we conjecture indeed that none exists in general.
A All the above definitions can be obviously given also for an abstract spherical system S .
Definition 2.2.1. Let S be a spherical system with set of colors ∆, and ∆ 1 , ∆ 2 two subsets of ∆. We say that ∆ 1 and ∆ 2 decompose S if:
(1) ∆ 1 and ∆ 2 are non-empty and disjoint; (2) ∆ 1 , ∆ 2 and
Definition 2.2.3. A spherical system S is primitive if supp(Σ) = S, there is no projective color, and there is no pair ∆ 1 , ∆ 2 ⊂ ∆ decomposing S .
2.3.
Reduction to primitive spherical systems. To prove Conjecture 1.2.1 it is enough to show that there exists a (unique) wonderful G-variety with any given primitive spherical system. This is clear from the following: Proposition 2.3.1. Let S = (S p , Σ, A) be a spherical system of G. If one of the following conditions is fullfilled then there exists a (unique) wonderful G-variety with S as spherical system.
(1) There exist a proper subset S ′ of simple roots containing supp(Σ) and a (unique) wonderful L S ′ -variety Y with spherical system equal to the localization of S with respect to S ′ . (2) There exist two (*)-distinguished subsets of colors ∆ 1 and ∆ 2 decomposing S and for i = 1, 2, 3 there exists a (unique) wonderful G-variety X i with spherical system equal to the quotient of S by ∆ i , where
There exist a projective element δ ∈ A and a (unique) wonderful G-variety X δ with spherical system equal to the quotient of S by {δ}.
In the first two cases Proposition 2.3.1 has been proved in [12, Section 3] . In the first case X is G-isomorphic to the parabolic induction G * P S ′ Y . In the second case X is G-isomorphic to the fiber product X 1 × X3 X 2 .
In loc.cit. the third case has also been proved, but with some additional hypothesis: the support of δ is requested to intersect only the support of simple spherical roots. The latter is always true if G has a simply laced Dynkin diagram.
In §3.2 we prove it in full generality. In loc.cit. it is also shown in general that, if X is a wonderful G-variety with (S p , Σ, A) as spherical system with a projective element δ ∈ A, then the morphism associated to δ is a projective fibration, namely smooth with fibers isomorphic to a projective space.
3. Wonderful subgroups 3.1. Finding the wonderful subgroup.
3.1.1. Minimal inclusions. Let S be a spherical system. In view of the following proposition, we say that S is reductive if there exists a linear combination σ of spherical roots with non-negative coefficients, such that c(δ, σ) > 0 for all colors δ. Let S = (Σ, S p , A) be a spherical system with set of colors ∆, and suppose S is not reductive. This should correspond to a wonderful subgroup H, where moreover H is contained in some proper parabolic subgroup. Here and until the end of §3.1 we suppose that H exists.
Up to conjugating H if necessary, it follows that there exists a proper parabolic subgroup Q − ⊇ B − containing H and minimal with respect to this property. It is possible to choose Levi subgroups L of H and
There exists also a wonderful subgroup K such that Q − ⊇ K ⊇ H and K/H is connected, that is a wonderful subgroup properly containing H and minimal in the following sense (see [4] , Section 2.3.5).
Choose a Levi component
Then the following holds:
(1) the Levi subgroups L K , L differ at most only for their connected centers; (2) we have
These subgroups Q − and K correspond resp. to two quotients S /∆ Q− and S /∆ K of S .
Let us now abandon the hypothesis that H exists. We usually find ∆ Q− and ∆ K which play the same role: -∆ Q− , a minimal homogeneous subset of colors; -∆ K , a special (not any) minimal (*)-distinguished subset of colors contained in ∆ Q− , such that the wonderful subgroup K corresponding to S /∆ K is known.
We then find
, it remains to find C and H u .
The connected center.
The dimension of C is immediately given by the well known formula:
Consider all B-proper rational functions on G/H having neither zeros nor poles along colors in ∆ Q− . Their B-weights form a sublattice N of ZΣ: fix a basis B of it.
For each color D in ∆ \ ∆ Q− define α D as the unique simple root moving D (this root is unique because ∆ Q− is homogeneous). Define also λ D to be the fundamental dominant weight associated to α D , and λ * D = −w 0 (λ D ), where w 0 is the longest element in the Weyl group.
Finally, for all γ ∈ N , define λ(γ) to be the weight:
Lemma 3.1.1. The subgroup C is the connected part of the intersection of the kernels of the weights λ(γ), for γ ranging through N (or, equivalently, B).
Since f γ has neither zeros nor poles on colors of ∆ Q− , F γ has neither zeros nor poles on the pull-backs on G of these colors. Its zeros or poles must then lie only on the pullbacks on G of colors of G/Q − along the projection G → G/Q − .
This means that F γ is Q − -proper under right translation, and it is immediate to see that the Q − -weight of F γ is just λ(γ). But F γ is also of course H-stable under right translation, and this implies that λ(γ) is constantly 1 on C.
Vice versa, suppose to have any weight χ of C Q− which is constantly 1 on C: considering χ as a Q − -weight, we can write it as a linear combination with integer coefficients of weights of the form λ * D for D ranging through the colors of G/Q − . So χ is the Q − -weight (under right translation) of some rational function on G, call it F , which is B-proper under left translation and Q − -proper under right translation, whose zeros and poles lie on the pullbacks on G of colors of
Thus F is H-stable, and it descends to a rational function f on G/H. Having neither zeros nor poles along colors in ∆ Q− by construction, the function f is equal to f γ for some γ ∈ N .
For computations in particular cases, it is useful to recall that H u is also a subgroup of Q u − , and that the quotient Lie Q u − /Lie H u is a spherical L-module. The following lemma follows from the results of [10] . Let us describe how to calculate the L-module structure of Lie Q u − /Lie H u starting from the spherical system S . A fiber F of the morphism G/H → Q − is affine
Restricting B-proper rational functions on G/H to F we obtain (B ∩ L Q− )-proper rational functions: this induces a bijection between the associated lattices of B-(resp. (B ∩ L Q− )-) weights (a proof of this fact can be found in [6] ).
Restricting (B ∩ L Q− )-proper regular functions from F to V , we obtain all
(B∩L) . On the other hand, regular functions on F come exactly from rational functions on G/H having no poles on colors in ∆ Q− .
Therefore the weight monoid of V as a spherical L-module is given by restricting to B ∩L all B-weights in Ξ that are non-negative on ∆ Q− . Finally, the classification of spherical modules is used to determine the L-module structure of V .
Projective fibrations.
We proceed completing the proof of Proposition 2.3.1. Let S = (S p , Σ, A) be a spherical system with a projective δ ∈ A. Set supp δ = {α ∈ S : δ ∈ A(α)}.
Lemma 3.2.1. Suppose supp δ ∩ supp(Σ \ S) = ∅. If there exists a wonderful variety X δ with spherical system S /{δ}, then there exists a wonderful variety with spherical system S .
Recall that (as said in §2.3) the assertion is true also if supp δ ∩ supp(Σ \ S) = ∅. Let us first prove that one can reduce to the case of card(supp δ) = 1, so we assume the assertion in this case.
Let X be a wonderful variety with spherical system S with a projective δ with card(supp δ) = 1. Let K be the generic stabilizer of X δ , with Levi decomposition
Let S be a spherical system with a general projective element δ. Let X δ be a wonderful variety with spherical system S /{δ}, and let K be its generic stabilizer with Levi decomposition K = L K K u . Then for each α ∈ supp δ we can consider the spherical system obtained from S /{δ} by adding the simple spherical root α such that one of the two corresponding elements of A(α), say δ + α is projective, hence card(supp δ + α ) = 1. Then there exists a wonderful variety with this spherical system and generic stabilizer given by
Then H is the generic stabilizer of a wonderful variety with spherical system S .
Let now S be a spherical system with a projective element δ with card(supp δ) = 1, say supp δ = {α}. If there exists a (*)-distinguished subset of colors ∆ 2 disjoint from A(α), then the subsets of colors ∆ 1 = {δ} and ∆ 2 decompose the spherical system S . Therefore, by using the second case of Proposition 2.3.1, we can suppose that there exists no (*)-distinguished subset of colors ∆ 2 disjoint from A(α). This implies that the spherical system is indecomposable.
Clearly, we can also suppose that the spherical system is cuspidal. Furthermore, we assumed supp δ ∩ (Σ \ S) = ∅.
A careful combinatorial analysis then shows that the only possibilities are the following "minimal" spherical systems, which will be treated case by case in §4. 4 .
Here (and often in the rest of the paper) we describe spherical systems by providing their Luna diagrams, see [4] for their definition.
( 
Quotients of higher defect. The above discussion about projective colors, supposing card(supp δ) > 1, can be considered as a particular case of a more general situation. Let ∆ K be a minimal (*)-distinguished subset of colors of S , and recall the notation of §3.1.1. We make the crucial assumption that d(S /∆ K ) > d(S ), namely C < C K . One can then determine the unipotent radical H u by means of some localizations of S . The idea is as follows. Suppose once again that H exists (with C < C K ). The unipotent radical K u is of course stable under conjugation by C K , and the same holds resp. for H u and C. But H must be finite in its normalizer, hence no element of C K \ C is allowed to normalize H u , otherwise it would be inside N G H. Now we want to discuss Lie
under this point of view. The former must be a sum of L K -modules:
where W is a sum:
2) the modules W 0 , . . . , W k are all simple and isomorphic as L-modules; the action of L K differs on them only for C K ; (3.3.3) if C K acts resp. with weights χ 0 , . . . , χ k , the connected component of the subgroup where χ 0 , . . . , χ k coincide is exactly C;
is a submodule of codimension dim W i and in general position among those containing V .
In other words Lie H
u contains all Lie K u except for a certain part W , of which Lie H u contains only a "diagonal" submodule. The submodules W i can be found studying the geometry of the wondeful embedding X of G/H. Call x ∈ X the point having H as its stabilizer, and choose a 1-parameter subgroup η of C K . Any point on X of the form η(t)x, for t ∈ C * , has stabilizer η(t)Hη(t) −1 . Consider now the limit:
and its stabilizer H(η) in G. Depending on η, this point may lie in a non-open orbit; if we fix i ∈ {0, . . . , k} and suppose that η satisfies:
η, χ i = 1, and η, χ j = 0 ∀j = i then x(η) lies evidently on a codimension 1 orbit of X, the group H(η) has a Levi factor whose connected center C(η) satisfies C K ⊇ C(η) ⊃ C and dim C(η) = dim C + 1, and finally:
This gives a way to find H u starting from the stabilizers of points of X in codimension 1 orbits.
Let us then rephrase the above procedure without appel to the existence of H. Let S be a spherical system with ∆ K as above. For any γ ∈ Σ define ∆ K (γ) to be ∆ K restricted to the localization S Σ\{γ} of S with respect to Σ \ {γ}. Then there exist k + 1 spherical roots γ 0 , . . . , γ k of S such that for all i = 0, . . . , k: (3.3.5) ∆ K (γ i ) is a minimal (*)-distinguished subset of colors of S Σ\{γi} ; (3.3.6) we have:
Let us also suppose that the spherical systems S Σ\{γi} (for all i) and S /∆ K correspond to wonderful varieties having generic stabilizers resp. H i and K (with
for all i; (3.3.9) with this choice, the connected centers C i of L i are such that their connected intersection is equal to C as described in Lemma 3. 
is in general position among those containing V and W i , for all i = 0, . . . , k. Define C to be the connected intersection of the C i 's, and L to be C(L K , L K ). Define H u in such a way that Lie
and is in general position containing V ; and H = L H u . Then: (3.3.12) H is wonderful and its spherical system is S .
Notice that once H is known to be wonderful, its spherical system is uniquely determined: let us use the subgroups H(η) defined above, where η is a 1-parameter subgroup of C K . As before, we can choose η 0 , . . . , η k such that H(η i ) = H i . It follows that the spherical system of H has k + 1 localizations of rank r − 1 equal to the spherical systems of H i .
We claim that all the previous statements hold for any spherical system S with a quotient of higher defect S /∆ K . When S is primitive, they can be explicitly checked case by case, obtaining the following: Proposition 3.3.1. The existence for primitive spherical systems with quotients of higher defect is a consequence of the existence for primitive sperical systems without quotients of higher defect.
Tails.
Another general procedure applies to all spherical systems S obtained adding one of the following spherical roots γ to another spherical system S ′ (i.e. S ′ is the localization of S in S ′ ⊂ S, with S ′ ∪ supp γ = S). We always have (or ask) that γ glues on a unique connected component of 
ep p p p p p p p p p p p p p p p p p p p e pp ppp pppp ppp pppp ppp pp support of type C m , γ = α p+1 + 2α p+2 + . . . + 2α p+m−1 + α p+m , with all roots α p+i in S p except for α p+1 and α p+2 , and S ′ ∩ supp γ = {α p+1 }. In this case we will say that γ is overlapping. The set of colors ∆ ′ with the above property always exists if supp γ is a connected component of S (so γ is necessarily of type c * (m)): it is given by all the colors of S ′ . Otherwise, if ∆ ′ exists, it is given by all the colors of S ′ except one. Being of rank 1, the wonderful variety associated to S /∆ ′ exists: we call its generic stabilizer M ⊂ G. If our strategy is based on an induction on the number of tails, we can suppose the same for the wonderful variety associated to S ′ : we call its generic stabilizer K ⊂ L S ′ . We will now see how these two subgroups determine a candidate subgroup H for the spherical system S . 
Tail of type b(m).
Its wonderful subgroup has Levi factor GL(p) × SO(2m) and Lie algebra of the unipotent radical equal to
′ is the rank 1 case:
whose wonderful subgroup is (GL(p) × SO(2m))Q r − , and it is a parabolic induction by means of the parabolic subgroup Q − = P −S\{αp} . The set S ′ is {α 1 , . . . , α p }, and the localization S ′ is:
whose wonderful subgroup is GL(p) inside SL(p + 1). The morphism φ ∆ ′ restricted to S ′ corresponds to the inclusion GL(p) ⊂ R − where R − is the maximal parabolic subgroup of SL(p + 1) associated to S ′ \ {α p }. Now let us discuss a general case. First of all supp γ is never a connected component of the Dynkin diagram of G: let β 0 be the unique β 0 ∈ S \ supp γ with β 0 ⊥ supp γ. Recall also that the connected component of the Dynking diagram of L S ′ containing β 0 is of type A.
Let m = card(supp γ). The system S /∆ ′ is a parabolic induction of the wonderful SO(2m + 1)-variety having generic stabilizer SO(2m), where the induction is done using the parabolic subgroup Q − associated to all simple roots except β 0 . Therefore Q − has a Levi part L Q− which contains the factor SO(2m+1): let us write
On the other hand, we can look at the quotient by ∆ ′ on the localization S ′ : it follows that S ′ itself has a quotient which is the rank 0 variety having generic stabilizer equal to the maximal parabolic subgroup
Thus K is contained in R − , whose Levi part we denote by
By construction L R− can be identified with 
, and we can set H = L H u .
Tail of type b ′ (m)
. This case is similar to the preceeding, the only difference is that we consider N SO(2m+1) SO(2m) instead of SO(2m). Proof. We begin by excluding for a while tails of type b(m). Let then S be a primitive spherical system with only tails of type b ′ (m), c * (m) and d(m). We proceed by induction on the number of tails, so select a tail γ and let H be the candidate subgroup determined in the previous subsections. Let us also use all the elements introduced above which depend on the choice of γ: the localization S ′ , the set of colors ∆ ′ , and the subgroups M , K, Q − , R − . The combinatorial characterization of the group of G-equivariant automorphisms given in [10] says that if S is associated to a wonderful variety, then the latter has trivial such group. This because there is no tail of type b(m). The same statement holds for S ′ too. Therefore N G S ′ K = K; from this and from the definition of H it follows that N G H = H. The subgroup H is hence wonderful.
We must now prove that the spherical system S X = (S p X , Σ X , A X ) of the wonderful embedding X of G/H is equal to S . First of all notice that L K is a factor of L: call L the complementary factor of L; it is easy to see from the definition of H that it can be chosen in such a way that H is B-spherical and L is (B ∩ L supp γ )-spherical.
Let us call β 1 , β 2 (and β 3 ) resp. the unique simple root of supp γ not orthogonal to S \ supp γ and the simple root(s) moving the color whose functional is positive on γ.
Our first claim is that γ ∈ Σ X . To prove it, first consider the case (supp γ) \ {β 1 , β 2 , β 3 } = ∅. Here the tail is b ′ (1), c * (2) or d(2) and the combinatorics of spherical systems implies easily that γ ∈ Σ X , using the fact that N G H = H, that the variety X is not a parabolic induction, that the subgroup H is contained in M and that we have d(S X ) = d(S ′ ) for these kinds of tail. Now suppose (supp γ) \ {β 1 , β 2 , β 3 } = ∅. Call X ′ the wonderful embedding of G/M : its spherical system is a quotient of S X thanks to the inclusion H ⊂ M .
Consider also the localization
Given the definition of H, this ensures that if we conjugate H with the same element of U −α then it remains B-spherical: in other words (supp γ)\{β 1 , β 2 , β 3 } ⊆ S p X . This implies immediately that γ ∈ Σ X , thanks to a quick check on the lists of spherical roots in types B, C, D and the related allowed sets S p (and again the fact that X is not a parabolic induction, H ⊂ M and N G H = H).
Let us now consider the localization Y of X on S ′ . Our second claim is that this localization has spherical system S ′ . To prove it, consider the G-equivariant map from X to the wonderful embedding of G/M : restricted to Y , it is a map onto L S ′ /R − . From the definition of H, it is obvious that the latter map and the map from the wonderful variety of S ′ to L S ′ /R − have fibers with the same open R − -orbit: it follows that Y has spherical system S ′ . This finishes the proof if we exclude tails of type b(m). Now let S be a primitive spherical system with k tails of type b(m) (with possibly different values of m of course), and call again H the candidate subgroup given in the previous subsections. Call γ 1 , . . . , γ k the k tails of type b(m), and define S the same spherical system as S with each γ i replaced by 2γ i .
By the first part of the proof, S is the spherical system of a wonderful variety X; by the definitions of the candidate generic stabilizers given in the previous subsections it is clear that the generic stabilizer of X is equal to N G H, and that [N G H : H] = 2 k . Now the subgroup N G H is spherically closed, and we conclude thanks to the description given by Luna in [12] of spherical subgroups having a fixed spherical closure.
Explicit computations
4.1. Reductive cases. We discuss the reductive primitive cases first. They are in some sense the "basic" cases in view of our approach via morphisms, see §3.1.
For G a product of classical groups of type A and D, we refer to the published work [5] . Table 1 contains the list of reductive wonderful subgroups of products of classical groups where at least one factor has type B or C (some of them have been already analyzed in [13] and [3] ). A more explicit description of the spherical systems here represented by diagrams can be found in [2] . Therefore, this case is similar, one can deduce that Σ = S and again the condition d = 0 forces the system to be dx(p, p).
The cases dx(p − 1, p), bx(3, 3), bx(3, 2), bx(1, 1, 2) are localizations of dx(p, p). Let us now discuss the two remaining cases: they both have defect 1.
-ca(m): The candidate subgroup is spherically closed. One can see G/H as the set of couples of m-dimensional subspaces of C 2m satisfying the conditions:
where J is the bilinear form defining the group Sp(2m). If B is the Borel subgroup stabilizing the flag . . . ⊂ V i ⊂ V i+1 ⊂ . . . of subspaces of C 2m with dim V i = i, then the conditions:
give two colours which are swapped by the action of the group N G H/H ∼ = Z/2Z. Moreover, these two colours are moved only by α m so α m ∈ Σ. If one localizes on S ′ = {α 1 , . . . , α m−1 } then one obtains a localization with defect equal to zero, and this forces the system of H to be ca(m). -ba(m): This case is similar to ca(m).
4.2.
Non-tail cases in type C. For G containing components of type C, there are non-reductive primitive cases which are not tail cases, but do contain a spherical root of type c * (m): there is no subset of colors ∆ ′ with the required properties, in the notations of §3.4. Also, for them L doesn't contain the typical factor Sp(2m−2) found in tail cases. We give as an example the following case:
- The subsets of colors ∆ Q− and ∆ K defined in §3.1 are both equal to {D The existence proof goes as follows. The subgroup H is wonderful, since H = N G H; it is included in K, and also in the wonderful subgroup Sp(6) × Sp(2m + 2). The latter is cuspidal of has rank one, with spherical root c * (m + 4). The wonderful variety X with generic stabilizer H is hence cuspidal, and there are four colors each moved by exactly one of the simple roots α 2 , α 3 , α 4 , α 6 . This forces S p X by dimension reasons, and hence Σ X is determined. The family A X follows easily from these considerations and d(X) = 0.
4.3.
Primitive cases in type B − C. In Table 2 we list some primitive spherical systems, without quotients of higher defect and without tails, for G a product of classical groups with at least one factor of type B or C. The remaining spherical systems (primitive, without quotients of higher defect and without tails, in type B − C) can all be obtained by localization from those listed in the table.
For each system, we describe the generic stabilizer H, together with a parabolic subgroup Q − with compatible Levi decompositions:
Here the connected center of L is always equal to that of L Q− , due to the absence of quotients with higher defect.
We denote by V L (γ) the simple L-submodule of Lie Q u − of highest weight γ. To simplify notations, we write highest weights for L-modules as T -weights, which must be intended as implicitly restricted to T ∩ L. When it is more convenient, we describe the L-module Q 
